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FURTHER RESULTS ON CONVERGENCE ACCELERATION
FOR CONTINUED FRACTIONS K(a,/1)
BY
LISA JACOBSEN

ABSTRACT. If K(a,/1) is a convergent continued fraction with known tails, it can be
used to construct modified approximants f} for other continued fractions K(a,,/1)
with unknown values. These modified approximants may converge faster to the
value fof K(a, /1) than the ordinary approximants f, do. In particular, if a,, — a, — 0
fast enough, we obtain |f — f*|/|f — f,|— 0; ie. convergence acceleration. the
present paper also gives bounds for this ratio of the two truncation errors, in many
cases.

1. Introduction. A continued fraction

K (%)% 4 4  _ a,
a;

1+

0+#a, € Cforalln,

is said to converge if its sequence of approximants { f,} converges (possibly to o),
where

K ()4 4 4, -
(12) f,,—mlgl( m) =0 2% frn=0,12,
(K2_\(a,,/1) = 0.) The value of such a convergent continued fraction is
[o0]
(1.3) f=tim f,= K (5],
n— oo n=1 1

In general, this value is not known, so, at least when f 5 oo, it is approximated by f,,
where n is large enough to ensure the wanted accuracy. (Truncation error estimates
exist for several kinds of continued fractions.)

If {f,} converges slowly, a faster method to approximate the value f would be
welcome. Already in 1869, Sylvester [12] used the following idea in an example:
Using the approximant f, for the value f of K(a,/1) is the same as replacing the nth
tail

= am Ani1r Gni2
(1.4) fm= K (%)=

m=n+1
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by 0. Why not replace ") by something else, something that may be closer to the
value of £ than 0 is? In his example lim a, = o0, and he suggested using modified
approximants,

x4 4 9n —
(1.5) ; T4+ T+t TTw forn=1,2,3,...,

where w, was appropriately chosen. Glaisher [5] made use of this same idea and
example a few years later. But the method was not really explored further until 1959,
when Wynn [17] extended Sylvester’s and Glaisher’s works, and in 1965, when
Hayden [6] gave some new results. But still, only the case lim a, = co was really
treated with success.

Beginning in 1973, Gill [1, 2, 3] initiated the method used for more general limit
1-periodic continued fractions, where lim a, = a. For w, in (1.5), he suggested the
value of the 1-periodic continued fraction

a a a 1
(1.6) =1, 7474 -3 tlats,
where a & (-00, — 5] U {0}, since /") — x, - 0 in this case. In [14], Thron and
Waadeland developed a complete theory for using these modified approximants in
the limit 1-periodic case with a 5 0. Their work also includes estimates for the ratio
between the truncation errors for the ordinary approximant, f,, and the modified
one, ¥, and thus an estimate for the improvement obtained by this method.

In [7], the author extended part of their theory to more general continued
fractions. This time, w, in (1.5) is chosen to be the finite tail f" of some known
auxiliary continued fraction K(a,/1) where a,, — a, — 0. Among other things, upper
bounds for the ratio |f — £*|/|f — f,| were found under the conditions that

(i) there exists a sequence {r, >, with r, = 1, such that

n=0
1+ (n+1y (n)

(1.7) I1+s L I>D>O forn=0,1,2,...,
Tas rn

which, at least when K(a,,/1) is limit k-periodic, only can be true if

(1.8) lh, + | >8>0 from some n on,
where

— an 9p—1 a — .
(1.9) h,=1+ T e forn=1,2,3,...;

and

(ii) a,, a, € E,, where {E,} is a sequence of subsets of the complex plane, with
certain properties.

The purpose of this paper is to find upper bounds for |f — f*|/|f — f,| , without
having to restrict ourselves to continued fractions satisfying these two conditions.
Since we are concerned with the ratio of the truncation errors, we will, in this paper,
restrict ourselves to convergence of K(a, /1) to a finite value.

The main result is presented in §3 of this paper. In §2 some basic definitions and
notation are given, in §4 some examples, and in §5 the main theorem of this paper is
compared to earlier results in [7, 14].
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2. Basic definitions and notation. A continued fraction (1.1) can be generated by a
sequence of linear fractional transformations

a" p—
(2.1) s,(w) = T w forn=1,2,3,...
in the following way: Let
(2.2) So(w)=w, S(w)=S8,_,(s(w)) forn=1,2,3,....
Then
_ a4 a4 a, A, t+A,_w _
(23) S, (w)= T +1 +~+T4w B TR w forn=0,1,2,...,
where
A =1, A,=0, B,=0, B, =1,
(2'4) -1 0 1 0

A, =A,_ ,ta,A, ,, B =B, ,+a,B,_, forn=1,2,3,....

Further, the ordinary and the modified approximants can be written

A
(2.5) f,=S,0) = F", fr=S,(w,) forn=0,1,2,...,
respectively, and

B
(2.6) h,= 3 - =_8§(0) forn=1,2,3,...,

n—1
where £, is defined by (1.9), and
27)  f=S(x)=S8,(f") = S(x)

— (Aan—l _ BnAn—l)(x _f(n))
an—l(hn +f(n))(hn + X)

forn=1,2,3,....

This notation is quite commonly used in connection with continued fractions, and
it is as used in [9]. Furthermore, we adopt the conventions from [9], that a, # 0 for
all n if K(a,/1) is a continued fraction.

The tail (1.4) of K(a,/1) may also be regarded as a continued fraction, and as
such is generated by {s{"}%_,, where

m=1>

a
(n) — n+m o
(2.8) k sim(w) Thw form=1,2,3,....
In analogy with (2.2)—(2.6), we get the notation S, A", B{™, f(m p(m (Note
that S, = S©, 4, = 49, etc.)
In this paper we are going to let K(a, /1) denote the auxiliary continued fraction,
and let S/, S\, 4/,,... refer to this auxiliary continued fraction.

3. The main result. We return to the situation described in §1: Let K(a,/1) be a
convergent continued fraction with a finite, unknown value. (There exists a wide
range of convergence theorems for continued fractions, stating sufficient conditions
on {a,)} for the convergence of K(a,/1) to a finite value.) To approximate this finite
value, we could use an approximant f, = S,(0). But, if we have another convergent
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continued fraction K(a,/1), where all the values f" of the tails are known, and
where a, — a, - 0, then we can use K(a,/1) as a tool to construct modified
aproximants S,( /") for K(a, /1), hoping that {S,(f)} will converge to f faster
than {S,(0)} does.

In the following theorem we compare the speed of convergence to f for these two
different sequence of approximants for K(a,/1), by giving upper bounds for the

ratio |f = S,(f“"")I/1f = S,0)1.

THEOREM 3.1. Let K(a,/1) be a convergent continued fraction with finite value f.
Further, let K(a., /1) be a convergent continued fraction, where all the values of the
tails f" are known and finite. If

(Dn—l - r")r

(i) la, — a,| < =L foralln=2,
tntn—l

where {1,}%_, is a sequence of real numbers chosen such that t, >0 for all n = 1 and
such that

(3.1) D,=t, |1 +fUY| = |f™] >0 forn=1,2,3,...,

and where {r,} is a nonincreasing sequence of nonnegative numbers such thatr, < D, _ |,
and

i) lim 5,(10) =,

then

(32) f=8,(/) <‘ P AT L Al el Y
f—5,(0) h, + ™ [ A "

forn=123,....

Before proving this theorem, some remarks concerning its content will be pre-
sented.

ReMARKS. 1. This theorem states a kind of generalization of an earlier result by
the author [7, Theorem 4.1], since it is valid for a much larger selection of continued
fractions; larger where both the admissible auxiliary continued fractions and the
possible speed of convergence of |a, — a,,| are concerned. In many cases it also gives
better bounds than [7] does, for |f — £¥|/|f — f,|. This is shown in §5.

2. To apply this theorem to a given continued fraction requires a lot of work. One
must

(a) find an auxiliary continued fraction,

(b) find a sequence {1, }, and compute the corresponding sequences {D,},

(c) find a sequence {r,} such that condition (i) is satisfied,

(d) check that condition (ii) is satisfied,

(e) determine the asymptotic behavior of (3.2), if that is of interest. In many cases
this includes finding upper bounds for |A,|/|h, + f("'| and studying their asymp-
totic behavior. Also if values of (3.2) are wanted for finite n, upper bounds for
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|h,|/|h, + f"| may be wanted for computational reasons, although h, can be
determined by the recursion relations

(3.3) h=1, h,=1+a,/h

which give a stable computation.
Therefore, the results in §4, may be regarded as the main results, whereas this
theorem plays the role of a lemma.

3. (3.1) is no restriction on K(a/,/1), because f " # oo implies that |1 + f(*+1V|
>0, and for any D > 0, {t,} defined by

_ DAl
1+ S|

a1 forn=2,

(3.4) th=1, Loi forn=20,1,2,...,

is a possible choice. (D, = D.) It is, however, not necessarily a good choice, because
the bounds for |a, — a;| and (3.2) depend on D, ,/t, and r,/t,<D,_,/t,. By
choosing {z,} such that D,_, /¢, is as large as possible and nondecreasing (if that is
possible, otherwise as slowly decreasing as possible), and such that {D,} does not
fluctuate too much, the set of continued fractions K(a,/1) for which a given
K(al,/1) can be used as an auxiliary continued fraction, will be as large as possible.
Thereafter one may choose {r,} to fit the special K(a,/1).

4. Condition (ii)) may seem rather awkward. But actually, in many examples of
sequences of convergence regions { E,}, we have the situation that S,(¥),) shrinks to a
point as n — oo, for any continued fraction K(a, /1) where a, € E, for all n. Here
{V,} is a sequence of closed value regions corresponding to { E,}. (For a definition
of convergence and value regions, see [9, p. 64].) Therefore, if a,, a, € E, for all n,
we get, in this case, that lim,_ ., S,(f) = f = lim,,_ ., S,( f "), since both f ™ and
f™" € V, for all n. Examples of such sequences {E,} are given in Examples 3.1 and
3.2.

5. These modified approximants give a substantial improvement in the speed of
convergence if

17 = S.(f™)/If = $,(0)] - 0.
Since
D, — rn+|r < L1 +f("+])/| LTS

fnt"+1 g tntn+l

(3.5)

n’

we see that a necessary condition for the right-hand side of (3.2) to tend to 0, is that
a, — a, — 0, except in the special case where the sequence

h
(36) —ml 1 !
Vb, + £ N@nrl R, + Ry — 1]

has a limit point at 0.
6. (3.2) can be replaced by

O”,'f—&um)

forn=1,2,3,...,

h
i+

h,+f™

Mapy = ay ity 1 1

[y |t,4)

’

f=5,0)




134 LISA JACOBSEN

which is a slightly better resultif |a, ., — a, | |< (D, — 1,4 )./t ,+ 1> OF by

-8 (ny + fn+1y
(3.2)11 f n(f ) < hn - . | 1 f Irn ,
f—Sn(O) hn+f(n) |an+lltn
which is simpler, but not quite as sharp.
PrOOF OF THEOREM 3.1. By (2.7) we have
- S (n) h (n) _ £(ny
(3.7) = S{/) = —— ! f forn=1.
f=80) | |n, || e

To find upper bounds for [f (" — f| /| f("| | we proceed as follows:

(3.8) o — [ :‘1 B f(")’(l + f(n+l))
’ f(n) an+l
| Ga — apyy _f(")’(f("ﬂ) ”f(nﬂ)')
an+]
Ny = g | SN = g
Ian+|| )

Therefore it is convenient to have bounds for | £ — f("'| . Let X} be defined by
(3.9) AP = SM(f*ky — 0 fork,n=0,1,2,....

Then, by induction on k, | A |< r, /1, for all k = 0 and n = 1, because

, , r
(3.10) NS =[s§(f ) = f]=0< 2 foralln=>1,
(3.11)
lA(n)l — Ani) _f(,,y. . a,. _f(")?\(/:'j:)
k 1+ S/((rf;l)(f(n+k)') 1 +f(n+l)' + )\(I:ujll)

< rn(Dn~rn+|)/tntn+l +|f(n) |rn+l/tn+l < rnDn_rnrn+| +tn|f(n),|rn
+1) 1y
11+ 7Y =r (Lot L+ =),

:—" for all n = 1 when k > 0,

n

by use of condition (1), the fact that {r,} is nonincreasing, (3.1) and the fact that

(312) ll +f(n+l)l' _I}‘(I:':-ll)| ?Il +f("+|)’| — :."—"'l ;I] +f(n+l)'| _ Dn
n+l n+1
= L[,nﬂh +f(n+])’| _ Dn]
tn+1
= lf™>0 forn=1,
tn+l

because a,,, = (1 + f"*V'), where f"*V" # 0 and @/, , # 0.
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By condition (ii) and the fact that S, is continuous, we know that
(3.13)

f= lim S, (f79) = lim S,(S0(70) = 8, lim S((7749)).
k— o0 k— o0 k— o0
Since S,, is injective and f = S,( /™), this implies that
lim S{™( fU) = f™foralln = 0.
k— o0

Furthermore, since |\ |<r, /¢, for all k, n = 1, we see that |f(" — f("V|<r, /¢, for
all n = 1. When this is substituted in (3.8), we finally get

f(") _f(n), < rn(Dn - rn+l)/tntn+l + If(") | 'rn+l/tn+l

3.14
( ) f(") Ian+]|

, +1y
< rnDn_ rnrn+1 + tnlf(”) |rn _ tn+l|1 +f(n )l—rn+l

|an+lltntn+1 |an+lltntn+l "
for all n = 1, by condition (i), the fact that {r,} is nonincreasing, and (3.1). This
concludes the proof. [

Comment. The inequality (3.8) may seem rather rough. However, in [7] it is proved
that under mild conditions we have

(3.15) a,—a, »0efm—fm 0

if { ("} is bounded. If { "'} is not bounded, however, that is, if { (")} has a limit
point at co (in Theorem 3.1, f # oo for all n), then we may give away too much
in (3.8). This suggests that the bounds given in (3.2) can be improved in this case.

In Remark 2 following the theorem, we mentioned that upper bounds for
|h,|/|h, + f| could be of interest. Clearly,

_
h,+

If ™)

Vhy +f1

<

(3.16)

so these can be obtained by establishing lower bounds for |, + f"|. We will now
see some examples of cases where such bounds are known.
ExaMPLE 3.1. The sequence of bounded parabolic regions { E,} given by

(3.17) E,=P,,N{zEC;|zl <M} forn=1273,...,
where
(3.18) P,,= {z €C;lz| — Re(ze™?*) <2g,(1 — g,,,) cos”a},
(3.19)
M>0, |a<=m/2, 0<g <1, 0<e<g,<l-—¢ foralln>1
and some ¢ € (0, +),and

(3.20) § ﬁ( L l)diverges,

k=1n=1\ 8n+l
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was proved by Thron [13] to be a sequence of convergence regions of the type
mentioned in Remark 4 following Theorem 3.1. Furthermore, he proved that

'r'n=l(]/gm+l B 1)
27;(;[1{":1(1/8»,“ -1

(321) Re(he ™) =|1+ g+ cosa foralln=>1

ifa, € E, for all n. Since
(3.22) |k, + f'| = Re(h,e) + Re( f™Me ™),

combining this with (3.21), can give a useful lower bound if a,, € E, for all n. If, in
addition, a/, € E, for all n, we have Re( f"e™*) = —g ., cos a from Thron’s proof.
Applied to (3.22) this results in

H”m=l(1/gm+l —1)

(3.23) |h,+f "= —2=
| | 27=(;H{n=l(1/gm+l - 1)

g,+1c0sa foralln=1.

In particular,
1

(3.24) Re(h,e”™*) = 5(1 + %) cosa, |h, +f"|=

for all n = 1, when g, = 3 for all n. Similarly,

Cos a
2n

cos a
2n+ 1

(3.25) Re(h"e-"a)>(n+1+ ] ) foralln =1,

m=11/m
and

(326) |h, + /™| > Cos a Ccos a

= foralln=1,
Gn+ D _1/m_ @n+ (1 +logn) 2"

when g, = n/(2n — 1) for all n.
ExaMPLE 3.2. The sequence { E, } given by

(3.27) E,,_, = E, = {z € C; z = ¢* where |c + ia| < p},
(3.28) E,,=E,={z€C;z=c’where|c =i(l +a)| = p},

foralln =1, wherea € C, |a|< p <|1 + a|, was proved by Thron and Lange [9, p.
124] to be a sequence of convergence regions. Later Lange [10] proved that they were
uniform and of the types mentioned in Remark 4 following Theorem 3.1, and that

(329) Ith—l - 1= aknl < Pk,,, |h2n + mnal = m,p
for all n = 1, provided a, € E, for all n. Here

(3.30)
n—1 n+1+Rea—\p*— (Ima)’

k = m. =

n+ Rea— \p?— (Ima)2

Since we also have, from Lange’s proof, that

(3.31) [fe Y+ 144l =p, [f® —d|<p,

n
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provided a;, € E, for all n, we get
(3.32)

PO 4 gy | = (o —lal)(1 = k) | 4 sy = (o —lal)(m, = ).

In the special case where a = 0, we get

(3.33) |k, + O] = %(1 S Ny LI

n—op (l - P),
ifa,, a, € E, for all n.
ExaMPLE 3.3. Let K(a,/1) be a limit k-periodic continued fraction such that

(3.34) nlirgakn+p =a,#0 forallp € {1,2,...,k}.

If K(a,/1), where a;,, ., = a,, for alln=1andallp € {1,2,...,k}, is a convergent,
k-periodic continued fraction such that S;(w) has two distinct fixed points, then we
know from [8, Theorem 2.2A] that K(a,/1) converges (possibly to oo). Since the
values of the tails f " and K(a/,/1) are easy to find (they are solutions of quadratic
equations), we can use K(a, /1) as an auxiliary continued fraction for computing the
value f of K(a,/1). By [8, Theorem 2.2C], we see that lim S,( (") = £, if f("" are all
finite. Therefore we can use Theorem 3.1 to estimate the possible improvement if
|a, — a,,|is small enough, and f and /"’ are finite.

In this case we do not always get explicit bounds for | A, + f"|, as in Example
3.1. However, we know that |k, + f"'|= § > 0, at least from some n on, since, by
(16, Theorem 4.1], k., > -w, as n — oo, where w; is the fixed point of S{#(w)
such that w, # f Y for all p € {1,2,...,k}, ({16, Theorem 4.1] is only stated for
k = 1. That the part, that we apply, is also true for kK > 1, can be seen by taking
k-contractions.)

To construct modified approximants for K(a,/1) given by (3.34), we could also
use a limit k-periodic continued fraction K(a,, /1), where a, — a;, — 0, as a tool, if
its tails " are all known. We would still have S,( f"") - f by [8, Theorem 2.2C]
and |h, + f(""|= & > 0, at least from some n on, by [16, Theorem 4.1] and the fact
that ™" — £ - 0 by an application of [8, Theorem 2.2C]. So, if f" are all
finite, we can again use Theorem 3.1 to obtain a measure for the improvement, if
|a, — a;;|is small enough.

We can also allow a,=0 for one or more p € {1,2,...,k}, both if we use
K(a,/1) or K(a, /1) as auxiliary continued fractions, even though K(a,/1) will
then not be a continued fraction by our definition. (If we use K(a,/1), we need k
large enough to obtain any improvement. We then use

ny _ Gnt Ay g
A )

If, in addition, (" (or (") and f are all finite, we can still use Theorem 3.1 if
|a, — a, ] is small enough, by [8, Theorem 2.2, Comment 3]. The special case where
k =1, that is a, — 0, was treated by Gill [4]. He used another kind of modification.
If we try to use K(0/1) as an auxiliary “continued fraction”, we get " = 0 for all
n, which gives f* = S,(0) = f,. But limit 1-periodic continued fractions K(a,, /1) can
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still be of importance as auxiliary continued fractions. For instance, the continued
fraction K(a,, /1) given by
Zz

3.35 "= f =1,
(3.35) @n (c+n—=1)(c+n) orn

with z, ¢ complex constants, ¢ # 0, -1, -2,..., has tails given by

Y(c+n;z)
Y(c+n+1;2)

(3.36) fm = -1 forn=0,

where y(d; z) is the confluent hypergeometric function

(3.37) ¢(d'z)=1+li+;z—2+---

) ’ d1! d(d+1)2! ’
by [9, Theorem 6.4). Therefore it can be used to accelerate the convergence of a
continued fraction K(a,/1), where a, —» 0 “in a neighborhood of a;/” for a fixed

value of z.

4. Applications. This section can, in many ways, be regarded as the main section of
this paper, whereas the foregoing section could have been named: A fundamental
lemma. In light of Remark 2 following Theorem 3.1, the more specific results
obtained here will be more useful in many of the cases where bounds for
\f = S,(S“)|/If — 5,(0) | are wanted.

Some numerical examples will also be given to compare the relative speed of
convergence of {S,(0)} and {S,(f")}, and to compare the bounds given by
Theorem 3.1 with the actual values of |f — S,(f")|/|f — S,0)].

The first example is possibly also the most obvious one.

ExampLE 4.1. Let K(a,/1) and K(a, /1) be as described in Example 3.3, with
f+# o and f" % oo for all n. By [8, Theorem 2.1D], we then know that the
sequence {t,} given by

n+k—1 m n+k—1
@1y =3 O n+s92- I If9 forn=0,1,2,...,
m=n | j=n+1 j=m+1

is such that, independently of n,
k k

(42) D,=t, 1 +f" V= |f= 1] N +f- 11 |f|= D,

m=1 m=1
where D > 0. Since lim,_ S,(f™) = f by Example 3.3, Theorem 3.1 gives the
following result.

If

2

la, —a;|<

tt (1 - rn)rn—l foralln 22,

n‘n—1

where {r,} is a nonincreasing sequence of positive numbers < 1, then

[= S|Vl t LS D

43 < -
( ) f_Sn(O) Ih”+f(n)| |an+lltntn+l "

foralln=1.
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(Here, ¢, and D are given by (4.1) and (4.2), and r, in Theorem 3.1 is replaced by
r,D, where r, < 1.) By Example 3.3 we know that |k, + f¢"'|= 8 > 0 from some n
on, and that a,, = 0 for one or more p € {1,2,...,k} is permissible.

This is an example where also [7, Theorem 4.1] applies, but, as will be shown in
§5, with not too much advantage. The following numerical example illustrates this.

EXAMPLE 4.1.1. In [7] the convergence of K(a,/1), where a, = a, + 0.3" for all n
and K(a, /1) is the 5-periodic continued fraction

a,\ 8 12 8 6 11
(4.4) K(T)_1+1+1+1+1+-~’
was studied. A table of the improvement obtained by using modified approximants
S, (f"), was also made [7, Table 4.1]. We can now add a new line to that table.
These new bounds correspond to using 7, = 1.25 - 0.3"*! for all n = 1. We have also

used (3.16) with |, + f'|= 1, as is done in [7].

n 1 2 5 10 20

f—S.(/)

f—S,(0) 0.0006 0.002 0.00001 1.0- 1077 1.4 - 10712
U bound

pper bounds 1.01 0.35 0.007 18-10° | 1.0-10-1
by [7]
Upper bounds B .
by Theorem 3.1 0.17 0.056 | 0.0012 29-10 1.7-10

TABLE 4.1

One of the main advantages of Theorem 3.1 is, however, that {,} may be
unbounded. This implies that the case where K(a, /1) is k-periodic and Sy(w) is
parabolic, can also be taken care of, as we are going to see in the following example.

ExAMPLE 4.2. Let K(a,/1) be a limit k-periodic continued fraction such that
(3.34) holds, and such that S;(w) is parabolic. By [9, Theorem 3.1] we know that
K(a;/1), where a;, ., = a, for all n>1 and p € {1,2,...,k}, converges (possibly
to o0). Furthermore, K(a,/1) also converges (possibly to o), if a, — a, — 0 fast
enough. (This can be seen by using [11, Satz 2.22,2] on the limit 1-periodic
k-contractions of K(a,/1).)

Let us assume that K(a,/1) converges to a finite value, and that f" are all
finite. With the notation from Examples 3.3 and 4.1, we then get f(») = w, and
Lo |1+ fOEY ) =1 |/ |= 0 for all n (¢, given by (4.1)). Therefore, we define a
new sequence {¢}} in this case by

(4.5) t*=(n+8), foralln=0,
where 8 is a constant > —1. Then ¢* > 0 for all n = 1, and

(4.6) DY =5 [T+ = alf =1, 1+ fO Y=g, 10| >0
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for all n = 0. Theorem 3.1 therefore gives, on the assumptions above:
1f

L+ e

T (n+8)(n—1+9)

where {r,} is a sequence of positive numbers <1 such that {r,D} |} is nonincreasing,
and if S,(f™') - f, then

A R LA N D L (D Al
= T r”
f—5,0) |, + ] |@,41|(n+8)

la, — a)]

(1 =r)r,_, foralln=2,

(4.7)

for alln=1.

K(a,/1) converges and S,( /") - fif a, € E, for all n, where {E,)} is defined by
(3.17) or (3.27)—-(3.28).

The special case k = 1, that is a, = -}, was treated in detail in [14]. For
comparison between the two results, see §5.

To compare the results of Example 4.2 with the actual improvement, let us again
study some numerical examples.

ExAMPLE 4.2.1. The limit 2-periodic continued fraction K(a, /1), where
(4.8)

3. i 3. i

G T2 amn— 12 277 8(2n + 1)(2n)*>
for all n = 1, is such that a, € E, for all n, where {E,} is defined by (3.17) with
a=0, M=3, and g, = n/(2n — 1) for all n. Furthermore, a,, , -2 + 3i = a]
and a,, — 2 — }i = a). Therefore the 2-periodic continued fraction K(a, /1) can
serve as a tool to accelerate the convergence of K(a,/1). The tails of K(a, /1) are
f@ = fO = _ 14 3 @D = (V= _ L — 3; Therefore we get ¢, = V10 and

* =5 for all n = 0. The conditions on |a, — a,| are satisfied when we choose
8 =1andr, =0.04,r,=1/20/n for n > 1. Therefore, it follows from Theorem 3.1,
by using (4.7) and (3.25) that

f=S,(f) . /10 (2n + 1)(1 + log n) 1
f—5,(0) \( 3+ logn 20/n (n + 1)

(4.9)

1+/102n + 1)
<
20/n (n + 1)

(This bound is valid for any continued fraction K(a,/1), where |a, — a,|<
1/8(n + 1)n*/2, since this is sufficient to have a, € E,, for all n.)

forn = 2.

n 1 2 3 5 10 100
/= S.(/")
7— 5,(0) 1.73-1073 {209 - 1073 { 1.06 - 107> [ 8.17 - 107 | 5.96 - 107* | 1.068 - 10~*
gz““ds b§ | 97102 {89102 |7.7-107 |6.1-107 |23- 1072
eorem J.

TABLE 4.2
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ExaMPLE 4.2.2. Let K(a,/1) be the limit 2-periodic continued fraction where
0.2 , 361 — 0.2 ’

2n(2n — 1) (2n + 1)(2n)?
and let K(a,/1) be the 2-periodic continued fraction where a5,_, = -0.81, a3, =
-3.61 for all n. Then a,, a, € E,, where {E,} is defined by (3.27)-(3.28) witha = 0
and p = 0.9. Furthermore, S;(w) is parabolic. (In fact, if a = 0, it can be easily
proved that S}(w) = a;/1 + a3/(1 + w) is parabolic and a; € E|, a; € E, if and
only if a] = —p%'?%, a;, = —(1 + pe™)2. The fixed point of Sj(w) is then w = pe'®.)
The tails of K(a/1) are f@"' = f@ =09 and f®"*") = f" = _1.9. Therefore
t, = 2.8 and D¥, = 2.52, D¥, |, = 5.32 for all n. By choosing
= ——92— and r = 0.2

0.9%-2n 11909 (2n—1)°

(4.10) a,,_, = -081+

r 2n
we have

0.2 [T+ )1+ fm)
(n+ 1)n? (n+8)(n—1+28)

la, —al| = (1=r)r,_, foralln=2,

with § = 1, and {r, D} ,} nonincreasing. Hence, we get by Theorem 3.1,
(4.11)

'(1+ 1.9((n+1)/2—0.9))_ 09-19 0.2
09-0.1 361-(n+1) 09-19-n
0.58n — 0.41
, =—"— " whenni ,
f—S,,(f(")) <+ 2+ 1) when n i1s odd
f—=S,0) | (1+ 0.9~n/2)_ 09-19 02
09-0.1 081-(n+1) 09-09-n
2.6n + 0.52 .
= ——— whenniseven,
n(n+1)

L

for n = 1. Again we can organize the data in a table (see Table 4.3).

n ! 2 3 4 9 10 99 100
[=S.(/")
TF=5,0) | 209107 |385-107 1916107 | 137107 | 325107 |3.98- 10| 1-107° | 1-10°
m‘iﬂ] 8.5-107 095 0.11 0.55 53-107% |0.24 58-1073]26-1072
TABLE 4.3

The bounds for |f — S,(f')|/|f — S,(0)] given by Theorem 3.1, are quite rough,
but still of some value. Possibly, better results can be found by using properties of
periodic auxiliary continued fractions more extensively. A comparison with the
result for Kk =1 proved by Thron and Waadeland [14], shows, however, that
Theorem 3.1 is compatible. (See §5.)
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Theorem 3.1 also covers other cases of interest. In Example 3.3 it was mentioned
that the auxiliary continued fraction K(a,/1) could be limit periodic. In the next
example, a, - - 3.

EXAMPLE 4.3. Let K(a, /1) be the limit 1-periodic continued fraction given by

1 c
-— + foralln =1,

47 6nt+0)nto+1) "
where ¢ is a complex constant and @ = - §. This continued fraction is known to
converge if |arg c|<# or if ¢ = -1. In these cases it was proved by Thron and
Waadeland [15] to have the tails

) 1 yi+ec —1
(4.13) f ==+ —
2 4n+0+1)

where Re[y1 + ce"@82] =0 if |c|> 1, Rey1 + ¢ =0 if |c|< 1. Therefore this
continued fraction can serve as a tool to find modified approximants for a continued
fraction K(a,/1), where a, — —  in the neighborhood of the ray {z € C; arg(z + })
= argc}.

Let {E{}2_, be defined by (3.17) for j = 1,2,3,4, with M = 1+ |c|, a = 0 if
¢ <0,a= }argcif|arg c|< =, and with

(4.12) a,

forn=0,

1
'('I)ZE ifj:],
2n+20+1
A== - jfj=2
En ante) O
n e
(4.18) g, =18 = 5,7 /=3
1 forn=1,
@ _ 0.99 forn=2, ifj=4,
& = n—1
n =3 forn =3,
|

for all n. Then, for a fixed a, EV C E® C E® C E® for all n. Furthermore,
a, € EVif|argc|<manda, € EPif -1 < ¢ <0, for all n.

Suppose K(a,/1) is a continued fraction such that a, € E{’) for all n > 2 and a
fixed j € {1,2,3,4}. Then, from Example 3.1, we know that K(a, /1) converges to a
finite value f, that S,( (") > f, and that {| A, |/|h, + f" |}, is bounded by

2An+0+2+ 11+ n+0+2+1+c|
<

(1+Re\/1+c)cosa+(lm 1+c)sina\ cos a

(4.15)

ifj=1and|arg ¢| <w
(since Re[(V1 + ¢ — 1)e™**] = 0, the denominator is always = 2 cos a),

2n+20+3+ 2|yl +c¢| In
(Re\/l + c)cosa + (Im\/l + c)sina Re(\/l + ce“")

ifj=2,3 and |arg ¢| <,

(4.16)
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(4.17)

1

1+ (2n+26+3) 2 ImT 20+ 1
m=1

<1+(n+0+—;-)[1+10g(n+0+—;-)]

ifj=2andc = -1,
(4.18) 1+(2n+20+3)% > %<l+(n+0+%)[l+logn]

m=1

ifj=3andc = -1,
(2n + 26 + 3)(2n — 1)[99 + Z221/m]
(3+20)[99 + 372\ 1/m] +4(n+ 8+ 1)
(2n + 260 + 3)(2n — 1)[100 + log(n — 1)]

(4.19) 1+

<1+ ~nl
(3+20)[99 + logn] +a(n+6+1) " B"
ifj=4andc= -1,
or by
(4.20) 22043 o9 3 4ande> 1.
Reyl + ¢

Therefore we can use Theorem 3.1 to get upper bounds for [f — S,(f™)|/|f — S,(0)]
when |a, — a,|is small enough for all n.
With z, = 4(n + 6 + 1)* for all n = 0, we get

(4.21) D,=(2n+20+3)P>0 foralln=0,
where
(4.22) P=1+Re/l +c — %‘Im\/l ¥el,

if -1 <Reyl + ¢ <260+ 3 and P > 0. (These restrictions are not so severe. They
are, for instance, always satisfied if |c|< 1.)

If
2 —
(4.23) o, — a| < P2(20 + 3)[2n + 20 + 12 (26 42' 3)r]r_,
16(n+ 6 + 1)*(n + 8)

forn =2 ,whereQ <r, < 1and{r,} is nonincreasing, and if -1 < Reyl + ¢ <20 + 3
and P > 0, then

(m _ gy PO+ 3)2n+20+3+ |1 +c|
@2e) |00 < ( . )r,, foralln=1,
o 4n+0+2)(n+0+1)

where we use that |a, |~ ;.

In the special case where 3 |Imy1 + ¢ |< Reyl + ¢ <260 + 3, (which, for in-
stance; includes the case where |c|< 1), we can use ¢, = 4(n+ @ + 1) for n=0.
Thus we get

(4.25) D,=2Re/l + ¢ —|Im/1 +¢| =D >0,
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and by Theorem 3.1:

1f

1 D*(1 —r)r,_,
Alm{T+¢|<Refl ¢ <20+3 and |a,—a) < )

Z i1+ ¢| <Refl + ¢ and a, = &l < {0 T T ) (n + 8)

for all n = 2, where {r,} is a nonincreasing sequence, 0 < r, < 1, then

D(2n+20+3+ 1 +c|)r,

f(n) _f(n)’ -
4n+6+1)(n+90)

f(n)

where we use again that |a, |~ ;. By combining (4.24) or (4.26) with the appropriate
alternative from (4.15)-(4.20), we get, by (3.7), upper bounds for |f — f*|/|f — f,|.

(4.26) foralln =1,

5. Comparisons with earlier results. Upper bounds for |f — S,(f")|/|f — S,0)|
were in more special cases also found in [14 and 7).

The result [7, Theorem 4.1], converted to the notation used in this paper, is:
“Under certain additional conditions we have if lim(a, — a,) = 0 and |a, — a,|<
min{4 |a,|, D¢/ T,T,}for n = 1, then

f=S,.(f")
/= 5,0

for all n=>1" Here D,=inf(D,; m=>n), T,=sup{t,;m=n) and d,=
sup{|a,, — a.,|; m = n}. In this case {d,} and {T,} are nonincreasing and {D,} is
nondecreasing. Suppose the conditions of Theroem 3.1 and [7, Theorem 4.1] are all
satisfied. Then we get, with R, and R, denoting the bounds given by (5.1) and (3.2),
respectively,

|7

< T;t+lT;t+2 dn+|
|h, + £

’
n+|tn+l |a"+l|

(5.1) ‘ (2 + 4|7

an+l

. tntn+an+l + 2tn|f(”) |T;1+IT;1+2 . dn+l

R
(5.2) —L=2. — -
R, (tn+]|l+f( +l)|_",.+|)Dn+| Ta

’
ani

The value of (5.2) depends upon many factors. But, since we always have |a,, |=
layii| —|@psy — a4y |= 31a,4, | and 7, = 0, and since we often have D, | = D,

n

<D, =1, |1+ | = 1,If"| and T, \T,, = T,T,,, >1,t,., (this is, for
instance, the case in Example 4.1), we get in those cases

+1) ’
ﬁ > tn+||1 +f(n )|+tn|f(")| . tntn+ldn+l
Ry ™ 1+ D1,

(5.3)

Furthermore, since {,} is chosen such that
a1 = @yl < (D, = r)n/tatyyy and a, o —a, | <d,,

this suggests that ¢,¢, , ,d,,,/D,r, ~ 1 in many cases, at least in mean value, that is,

Ry tyed LA/ 4,1/

54 = .
. R, o [T+ S0
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In particular, this is the case if the situation is as described in Example 4.1 with
k = 1, since we then can choose {r,}, such that
_ D,

(55) dn+l - tntn+l Ty
for all n (D, and ¢, are constant). Since [14, Theorem 2.11] is contained in [7,
Theorem 4.1], this shows that Theorem 3.1 often gives better bounds for
If = S.(fH)1/1f — S,(0)] than does [14, Theorem 2.1]. As mentioned in Remark 1
following Theorem 3.1, it is also valid for more continued fractions K(a,,/1) than [7,
Theorem 4.1] is, and therefore for more continued fractions than [14, Theorem 2.1]
is.

[14] also contains a theorem giving upper bounds for |f — S,(- 3)|/|f — S,(0)| in
the special case where a, - — ;. It states, among other things:

If |a, — a,|< min{d/2n**',1/8}, then
f—S,(-1/2) 4d(n+ 1)(n+2)

=80 | (nt1) - 24
for all n such that (n — 1)*(a — 1) > 2d, wherea > 1 and d > 0.

Again, a direct comparison of this result and Theorem 3.1 is not easy. Let us try a

rougher one:
If

(5.6)

a,+ —

foralln =2,

1 (1=r)r,_
‘ 4(n+8)(n—1+8)

where § > -5 and (1 — r,)r,_, < g, then a, € E,_, for all n =2, where {E,} is
defined by (3.17) witha = O0and g, = 2n + 28 — 1)/4n + 8 — 1).
Therefore, we also have that K(a,/1) and {S,(- 3)} converge to f, and

(5.7)
|h, + | =

la, —a;| =

=

1 1
+ =
3201/ (2j+28+1) 4(n+ )

1 1
= — |2n+ +
> a(n +9) n+28+1+

for all, n = 1 by (3.21). Hence, for k = 1, the result of Example 4.2 becomes:

1f
Sl < (l_rn)rn—l
Wt 4“ an+8)(n+to—1)

where {r,} is a nonincreasing sequence of positive numbers = 1 such that (1 — r,)r, .| <
i foralln,and 8 > -1, then

= 8.(-1/2)
f=5,0)
foralln=1

foralln =2,

(5.8)

<( 4 1 : Tn 52n+28+1r
2|k, + ™| 4la,, |(n+8) n+86 n
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Let § = 4 and

r.=1% whend/(n+1)""'=>1,

n

r.=2d/(n+1)*"" whend/(n+ 1" <},

n

Then

1 (1=r)r,_, (T=r)r_y r_, d
1 — < — d n/’n > nl'n ~ —
(=) <g and - 1+9) 4n? an> 2ot

if d/n*~" < {. With this choice we get, when R, and R, denote the upper bounds
given by (5.6) and (5.8), respectively,

R, _4d(n+1)(n+2) n+1/2 (n+D*"'
R, (n+1)*"" =24 2n+2 2d -

(5.9) 1.

Hence, the two results are of the same order of magnitude.
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